The collective electron treatment of ferromagnetism (Stoner 1938a (Stoner , 1939 ) is applied to the magnetic and thermal properties of nickel and nickel-copper alloys. In § 1 a brief description is given of the theoretical background, together with the necessary extensions of the basic treatment, in particular so as to cover the effects of the overlap of the electronic d and s energy bands. With simplifying assumptions regarding the effect of alloying on the electronic structure, and using a limited range of observational data, estimates are obtained of the variation of the specifying parameters, band width and interchange interaction, for nickelcopper alloys, over a wide range of composition ( § 2). A discussion is given in § 3 of the depend ence of the electron distribution on temperature. Calculations are carried out of the variation of the number of holes in the d {>and, due to the temperature redistribution of electrons between the bands (transfer effect). Other temperature effects, such as the variation of the specifying parameters due to thermal expansion, are briefly discussed, though they are not included in the main treatment ( § § 1 and 4).
(Communicated by E. C. Stoner, -Received 1 June 1948) The collective electron treatment of ferromagnetism (Stoner 1938a (Stoner , 1939 ) is applied to the magnetic and thermal properties of nickel and nickel-copper alloys. In § 1 a brief description is given of the theoretical background, together with the necessary extensions of the basic treatment, in particular so as to cover the effects of the overlap of the electronic d and s energy bands. With simplifying assumptions regarding the effect of alloying on the electronic structure, and using a limited range of observational data, estimates are obtained of the variation of the specifying parameters, band width and interchange interaction, for nickelcopper alloys, over a wide range of composition ( § 2). A discussion is given in § 3 of the depend ence of the electron distribution on temperature. Calculations are carried out of the variation of the number of holes in the d {>and, due to the temperature redistribution of electrons between the bands (transfer effect). Other temperature effects, such as the variation of the specifying parameters due to thermal expansion, are briefly discussed, though they are not included in the main treatment ( § § 1 and 4).
The treatment is applied to the temperature variation of susceptibility above the Curie point ( §4). For nickel-rich alloys satisfactory agreement is obtained with experimental results (figures 10, 11 and 12). For copper-rich alloys the observed high-temperature increase of susceptibility is well explained (figure 13), but no interpretation can be given of the observed low-temperature variation. I t is suggested th at this may be due to inhomogeneities in composition.
A discussion is given in § 5 of the bearing of the treatment on the electronic heat at high temperatures. Comparison is made with the relevant experimental results for nickel above the Curie point. Application is also made to the low-temperature electronic heat of nickelcopper alloys ( §5). The general character of the variation of the electronic heat with com position is covered satisfactorily in the nickel-rich regions, but in the copper-rich regions discrepancies occur, similar to those for the low-temperature susceptibility ( §4).
In §6 a brief account is given of the results of a preliminary analysis of the magnetic pro perties of nickel alloys other than those with cppper.
I n t r o d u c t io n
The magnetic and thermal properties of ferromagnetic metals have been treated on a collective electron basis by Stoner in two papers published just before the war (1938 a, 1939) . In these papers (which will be referred to as I and II) the character istics associated with electrons (or 'holes') in a single-energy band of 'standard' form, and subject to interchange interaction effects, were obtained with numerical precision for effectively the complete range of values of the specifying parameters and of the temperature. The application of the results to the interpretation of the properties of particular ferromagnetics was discussed in only a preliminary way, but this discussion, together with earlier work on the specific heat of nickel (Stoner 1936,19386 ) and a short paper on the temperature variation of susceptibility above the Curie1 point (Stoner 1938c) , showed clearly the co-ordinating value of the treatment. I t has since been discussed, in relation to the general background, by Van Vleck (1945) and Stoner (1948) .
In the present paper the application to nickel and nickel-copper alloys is con sidered in detail. This has involved, on the one hand, a critical analysis of the experimental results, and, on the other, an extension of the theoretical treatment, in particular so as to cover in a precise way the effects of band overlap. The nickel-C 434 ] copper alloys have been chosen for detailed consideration, partly because extensive experimental data are available, and partly because the general issues are less likely to be confused by complicating factors than for most other ferromagnetic alloys. The crystal structure of the two constituent metals is the same, and there is no change of phase over the whole composition range. Moreover, the electronic structures are similar, and the assumption, in the present treatment, of a standard band form, in which the energy density of states is proportional to the square root of the energy (measured from an appropriate zero), receives some justification, as a reasonable approximation in these metals, from such calculations on band forms as have been made. There are, however, very great difficulties in carrying out detailed accurate theoretical calculations of band forms in metals and alloys. For this reason, part of the value of a survey of the present kind is that it enables an assessment to be made of the applicability of the simplifying assumptions represented by the premises of the precise deductive treatment. Further, it may suggest, in particular cases, the relative importance of the various uncertain factors, which, for obvious reasons, are deliberately excluded from consideration in the basic theoretical treatment.
(a) Theoretical background The detailed numerical results of the statistical treatment which has been developed apply to electrons distributed in energy bands of 'standard' form. For nickel and copper the two important bands are those usually denoted by the terms * 4s band ' (since here atomic s functions predominate) and ' band ' (in which atomic d functions predominate). The work of Mott (1935) , Krutter (1935) and Slater (1936) indicates that for these two metals the energy bands overlap strongly, the dis tribution of the electrons between the two bands being determined by the amount of overlapping. In the copper atom there are tend electrons and one s electron outside closed shells. The d band in metallic copper is thus full at absolute zero, and the halffilled s band gives , rise to the conductivity and other electronic properties of the metal. Nickel contains one electron per atom less than copper. The magnetic pro perties of its alloys indicate that, owing to the band overlap, the outermost electrons in nickel are so distributed that at absolute zero the d band contains approximately 9'4 electrons, and the s band 0*t> electrons per atom. The d band thus contains 0*6 holes per atom, which, owing to the much greater energy density of states, give rise to many of the characteristic properties of the metal, such as its high electronic heat, and, in conjunction with the positive interchange interaction, to the ferromagnetic properties. (The foregoing results as to the number of holes in the d band of nickel strictly apply only to 0°K. The redistribution of electrons between the bands at higher temperatures is discussed below, and, more fully, in § 3.)
Apart from the number of electrons, the characteristics of a single band are com pletely specified, in Stoner's treatment, by two parameters, e0 and O', giving measures of the band width and the interchange interaction respectively. It is necessary to consider the choice of parameters for a similar specification of two overlapping bands.
(i) Band width. For single bands of standard form the specification required is provided by the maximum Fermi energy at absolute zero, measured from the 436 E. P. Wohlfarth bottom of the band (or, if holes are relevant, from the top of the band). With the band structure assumed for copper and nickel, a value is required not only of the energy width of the unoccupied part of the d band, e^, but also of the occupied part of the s band, e0s (see figure 1) . Values of these two quantities may be estimated for nickel from observational data, and calculated for nickel-copper alloys by methods indicated in § 2.
(ii) Interchange interaction. In Stoner's treatm ent the interchange interaction coefficient, 6', is such that 2kd% is the energy difference for spins parallel and anti parallel to, the resultant spin, £ being the relative magnetization, i.e. the ratio of the resultant spin per atom to the maximum possible, when parallelism is complete. The simple, though justifiable, assumption is made th at the exchange effects intro duce a term into the expression for internal energy which is proportional to £2. Thus kd' is formally equivalent to the Weiss molecular field coefficient. In cal culating values of 6' for nickel-copper alloys, exchange effects between d electrons only are considered, those between s electrons being neglected. I t is to be noted th at it is only exchange effects corresponding to a positive interchange interaction integral in the two-atom problem which are relevant; negative interaction effects are, in effect, included in the form assumed for the bands. Neglect of a positive exchange effect with s electrons is justifiable, not only because any such inter action is likely to be weak with 5-type wave functions, but also because the factor determining the effect of the exchange forces is the ratio 0, an(l the band width e0s is much larger than eQd (cf. § 2). Possible positive exchange effects between d and s electrons have also been neglected, so th at the parameter specifying the interchange interaction for two overlapping bands of the present type may be taken equal to th at applicable to a single d band.
No satisfactory method of estimating O' theoretically has yet been developed. The only attem pt th a t has been made (Slater 1936) suffers from serious over simplification (cf. Van Vleck 1945; Stoner 1948) . Since in the course of the present work it was necessary to obtain approximate values of d' not only for nickel but also for nickel-copper alloys, resort was made to a simple empirical method, to be .described in § 2. This method also permitted an examination to be made of the saturation properties of the alloys a t absolute zero. As shown in I, the occurrence of positive interchange interaction does not necessarily imply complete saturation, or parallelism of spins, a t absolute zero, where, in the range
(1-1) the relative magnetization, £0, though positive, is less than unity. The condition (1*1) holds for the nickel-rich alloys, and calculations may be carried out to deter mine how the relative magnetization a t absolute zero depends on the copper concentration.
(6) Application to nickel-copper alloys
Values of the characteristic quantities, band width and interchange interaction, can be estimated for the alloys only on the basis of what is essentially an assumption as to the effect on the electron distribution of dissolving copper in nickel. I t was first suggested by Mott (1935) th a t in the alloys the additional s electrons provided by the copper are distributed among available states in the d band. The question as to whether the holes in the d band are to be regarded as being associated equally with all the atoms or only with the nickel atoms has been considered by Niessen (1939) , following on earlier work by Hirone (1938) . Niessen suggests th a t in nickel-copper alloys the d band is common to all the atoms. As stated in § 2, however, Niessen's argument is based on the assumption of the equality of the Curie temperature, 0, with the interchange interaction temperature, and may well be erroneous. In any case, the effect of alloying is that, with an increasing copper concentration, the Fermi limit a t absolute zero, common to both bands, shifts to energy levels which are unfilled in pure nickel. The number of holes per atom in the d band decreases, and the number of electrons per atom in the s band increases. The consequences of this hypothesis can be readily developed, provided it is further assumed th a t, although the addition of copper atoms to nickel affects the electron distribution, it leaves the shape and position of the two bands unaltered. This assumption, the simplest possible, is adopted provisionally, and, until more accurate methods have been developed for carrying out the fundamental theoretical calculations required, its appropriateness can be tested only by a comparison with the experimental results of the consequences to which it leads. The magnetic data on the variation of Curie temperature and saturation moment with copper concentration, in particular, serve to bear out the simple assumption to a remarkable degree, a t least for low copper concentrations (cf.* § 2). Even for alloys of nickel with other metals, such as zinc, aluminium and silicon, where the assumption might be expected to be much further from, the truth, the magnetic data indicate a very similar behaviour (of. §«)• On the basis of these simple and definite assumptions as to the effect of alloying on the electron distribution, it is possible to relate the number of holes in the d band at absolute zero to the copper concentration, c (cf. §2). As already indicated, estimates may also be made of the interchange interaction coefficient, O', and of the relative magnetization a t absolute zero. I t then remains to investigate the behaviour of the alloys as the temperature is raised. The most immediate problem, th at of the variation of the spontaneous magnetization below, and of the suscepti bility above the Curie point, has been considered in I, and the variation of the electronic energy and specific heat in II. The treatm ent given is, however, strictly applicable only to a single isolated band. When there are two overlapping bands, as in nickel , a transfer of electrons from the d band to the s band takes place with increase in temperature. This effect may greatly modify the conclusions applicable to a single band with a fixed number of electrons. A method of treating this effect has so far been given only for pure nickel (Wohlfarth 1948) , and it is necessary to extend the treatm ent to cover the alloys (cf. § 3).
I t may be noted here that there are at least two further temperature-dependent factors which may influence the magnetic and thermal properties of the alloys. As to the first of these, the variation of band structure with temperature owing to thermal expansion, no more than a qualitative discussion can be given at present. A full treatm ent would involve a complete examination of the energy bands, the work of K rutter (1935) being taken as a starting point. The second factor is the indirect dependence on temperature of the interchange interaction. A. tentative discussion of this effect has been given by Neel (1940) , who considers the effect of thermal expansion and atomic oscillations on the effective interatomic distance and hence on the molecular field coefficient. As indicated in § 4, a temperature depend ence of interchange interaction is also caused by the temperature variation of the number of holes in the d band, owing to the electron transfer. To the approximation used here it was felt th at the neglect of these factors could be justified. I t was found, however, th a t the agreement between theory and experiment could be improved in some cases by making some allowance for them (cf. § 4).
(c) Experimental results
W ith the theoretical background outlined it is possible to give a detailed co ordinating scheme for a number of distinct physical properties of nickel and nickelcopper alloys. Their magnetic behaviour above the Curie point is discussed in § 4. The experimental results, due to Sucksmith & Pearce (1938) and Fallot (1944) (nickel), and to Wheeler (1939) and Kaufmann & Starr (1943) (.nickel-copper) , are unusually, complete, and their general characteristics may be interpreted fairly satisfactorily. The peculiar susceptibility results which Kaufmann & Starr obtained for copper-rich alloys are only partly explicable, and for a full interpretation the present treatm ent requires further extension. The thermal properties of nickel and the alloys are discussed in § 5, following on the earlier work of Stoner (1936, 19386) . I t is shown th at the low-temperature specific heat results of Keesom & Kurrelmeyer (1940) are in qualitative agreement with those predicted by the present treatm ent. I t is also shown th at the electron transfer between the bands will have a marked effect on the high-temperature electronic heat, but the relevant experimental data (Klinkhardt 1927; Sykes & Wilkinson 1938) are too meagre to allow of a satisfactory comparison. The thermionic properties of nickel have been discussed elsewhere (Wohlfarth 1948) . In § 6 a brief account is given of the magnetic properties of alloys of nickel with metals other than copper. I t will be noted th a t this list does not cover all the relevant physical properties of nickel and its alloys, the most obvious omission being the behaviour of these substances below the Curie point. The omission has been made deliberately, since it was felt th a t the present treatm ent would be inadequate to cover magnetic and thermal properties other than those mentioned. The variation of spontaneous magnetization with temperature, in particular, would require a fuller consideration of effects, such as 'fluctuations of the molecular field' (N6el 1940), which lie outside the scope of the present paper.
2 . B a n d w id t h s a n d in t e r c h a n g e in t e r a c t io n c o e f f ic ie n t s The idealized band form, which has been assumed for nickel, is shown schematic ally in figure 1 . For a quantitative numerical treatm ent of actual physical properties it is necessary first to obtain estimates of the band widths, e03 and e^, and of interchange interaction coefficients, for nickel and nickel-copper alloys.
(a) Band widths
A value of eQd for nickel is derived from observational data. From the relation between eod and the low-temperature electronic heat a value of about 2*4 x 10® °K is obtained for the degeneracy temperature eodlk, account being taken of the con tribution to electronic heat from the s electrons and of th a t arising from the electron transfer between the bands (cf. § 5). An independent estimate may be obtained from the Curie temperature and the high-temperature susceptibility of nickel. The discussion in §4 indicates th a t for nickel the relative magnetization a t absolute zero, £0, is just equal to unity, and the degeneracy temperature deduced is about 1*6 x 103°K. The discrepancy between these two estimates may be attributed to deviations of the band structure from th a t presupposed, to effects of thermal expan sion, and to other factors not included in the treatm ent. For the numerical work a value for eod/k = 2 x 103°K, corresponding to eod = 0-17 eV, has been adopted, except where the use of the 'high-temperature' value is necessitated by the basic theoretical treatm ent (cf. § 5). The occupied width of the s band, ete, may be estimated for nickel on the assump tion th at the energy distribution of the s electrons does not differ significantly, over the range covered, from th at of free electrons, as for sodium, and, with fair approxi mation, for copper. The value obtained in this way, = 6 x l04°K, is, however, almost certainly an overestimate.
The value of the ratio of the band widths,
r0 ~ ^Osl^Qdf
is of importance in connexion with the distribution of electrons between the bands, the transfer effect being more pronounced the smaller r0 (cf. § 3), but, owing to the uncertainties in the values of e08 and eod, it is not possible to make a precise estimate of the ratio. In order to bring out clearly the general effect of the s band on the physical properties, the main calculations to be described have been made for an r0 value of 10, which must be regarded as a lower limit. In most instances it is easy to see what would be the effect of a higher value of r0. In the limit, r0 -> oo, the model corresponds to a single isolated d band, to which the results obtained in I and I I are immediately applicable. Using a value of the band width ratio for nickel, r0, equal to 10, with the simplifying assumptions regarding the effect of alloying (cf. § 1), precise calculations may be made of the band widths, the number of holes in the d band and related quantities, as dependent on copper concentration, for nickel-copper alloys.
For a given fractional atomic concentration of copper, c, let the fraction of electrons entering the d band a t absolute zero be th at entering the s band c8. Also let the number of holes per atom in the d band be Nod, and the number of electrons per atom in the s band N0s, both a t 0° K.
Further, let (e^),, and (e^o be the unoccupied widths of the d band a t absolute zero for an alloy of copper concentration c and for pure nickel respectively, and let (eos)c an<i (eos)o b® the occupied widths of the s band. Since the density of states for both bands is taken to be proportional to the square root of the energy, integration
Since a t absolute zero the Fermi limits for the two bands coincide,
I t follows from equations (2*1) to (2*4) th at
determining the number of holes in the d band as a function of the copper con centration. Values of the band widths, (eod)c and (e0s)c, and of the number of electrons in the s band, N0s, may then be derived from the preceding equations. The relation (2*5) shows th at for a certain copper concentration, say ccrIt , the d band is completely filled. From (2-5) = 0.6{(l + r0)/r0}., giving ccrlt = 0-6922 for r0 -10, and 0-6 for r0->oo, corresponding to an isolated d band. For c < ccrlt-, the additional electrons enter both bands, while for c ^ ccrlt> they enter the s band only, a t absolute zero. Calculations of NQ d and N0s, for r0 -10, have been carried out, using equation (2-5) and employing a 'balancing' method of solution. The results are shown in figure 2. The physical*bearing of these results is discussed in § § 3, 4 and 5.
(b) Interchange interaction coefficients
The dependence of interchange interaction coefficients and related quantities on copper concentration may be estimated from experimental values of the Curie temperatures for nickel-copper alloys. Observed value of 6, due to Alder (1916) , Krupkowski (1929) , Marian (1937) and Wheeler (1939) , are shown in figure 3.
For alloys with c < 0-4 the observed values fall roughly on a straight line, given by 
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For higher copper CQncentrations the ordinary methods of Curie point determina tion are unsatisfactory, since, owing to inhomogeneities of the alloys, the tem perature a t which the spontaneous magnetization vanishes is not clearly defined (Marian 1937) . For the purpose of the present treatm ent the relation (2*6) is, how ever, assumed to hold for all values of copper concentration. Calculated values of interchange interaction coefficients are thus uncertain for c > 0*4. Use of (2*6) enables O' values to be calculated for the alloys, prov is known for pure nickel. As shown in §4 the experimental susceptibility results indicate that for nickel the relative magnetization a t absolute zero, £0, is just equal to unity, the value of k O ' j e^ being equal to the critical value, 2-*, giv Hence, from I (table III) , ^ = 19Q£
giving O' = 1232° K, i.e. k0' -0-106eV for nickel. Calculations of O' as a function of the Curie temperature may be carried out, using the relations (cf. I, (3*9))
In these relations F(tj) is the standard Fermi-Dirac integral, rj being the statistical parameter. The relations apply strictly only to 'particles' distributed in a single isolated band. Owing to the electron transfer between the d and s bands in nickel and the alloys, the number of holes and the unoccupied energy width of the d band increase with temperature. The necessary correction to O' is, however, negligible, since, at temperatures corresponding to the Curie point, the transfer effect is relatively small (cf. § 3).
Values of kO'leQd as dependent on kO/eod are given in I (table III) for equi-spaced values of the argument. Intermediate values are readily computed by direct inter polation or by means of a series expansion. The dependence of O' on the copper concentration may thus be obtained, using relations (2*1) to (2*7). The final results are given in table 1 and also in figure 4 . The values of the interchange interaction parameters so derived may be used to calculate the variation of £0, using the relation
This equation was solved by a 'balancing' method, by adjusting values of £0 until the two sides of (2*8) are equal. The results are given in table 1 and in figure 5, which also includes a curve giving the dependence on copper concentration of the effective number of magnetic 'carriers' per atom, denoted by nod. This is given by
and is proportional to the absolute saturation moment o*0. Figure 4 shows th a t for nickel-copper alloys the ratio O'10 increases, with copper concentration, from the value 1*95 for pure nickel. This value may be compared with the value 1*53 obtained by Slater (1936) by a different method. The general conclusion, th a t O' is greater than, and not proportional to, the Curie temperature, is independent of the p ar ticular band form assumed. The usual method of estimating the exchange energy from the Curie temperature, which is based, in effect, on the assumption th a t O' = 6, may therefore lead to serious errors. The assumption is made, for example, in Niessen's discussion of nickel alloys (1939). The numerical values of interchange interaction parameters and related quantities, given in table 1, are, of course, dependent on the values assumed for eQd and O' for nickel, and are of less significance than the general variation with copper concentra tion. The variation of O' , shown graphically in figure 4, is connected with t 29-i ©nee of the exchange energy on the number (and so on the average distance apart) of the effectively 'interacting' particles, and raises fundamental problems to which only preliminary consideration has as yet been given. As shown in figure 5 , the relative magnetization a t absolute zero, £0, decreases with the copper concentration, although £0 is very near to unity for a considerable concentration range. The calculated variation of nQd, the effective number of mag netic 'carriers' per atom, is approximately linear, in good agreement with the observed variation of the absolute saturation moments (Alder 1916) . Independent evidence for the general character of the variation of £0 with c, calculated here from experimental values of the Curie temperature, is provided by a consideration of the high-temperature susceptibility results (cf. § 4).
Collective electron ferromagnetism. I l l
T a b l e 1. V a r ia t io n o f in t e r c h a n g e in t e r a c t io n COEFFICIENTS AND RELATED QUANTITIES W ith the present treatm ent the spontaneous magnetization even a t absolute zero is not necessarily equal to the absolute saturation magnetization. In favourable cases, in principle, a fairly direct experimental test would be possible. For an alloy with c = 0-5, for example, the relative magnetization a t absolute zero would increase by about 15 % (from £0 = 0*563) in a field of 50,000 oersted. A change of this magnitude would be easily measured, but an unambiguous analysis of the observed change of magnetization into a part due to increase in true magnetization, and a part due to the ordinary increase of apparent magnetization, might present difficulties, which, however, should not be insuperable.
3. E l e c t r o n t r a n s f e r e f f e c t i n n i c k e l -c o p p e r a l l o y s W ith increase of temperature the distribution of electrons, described in the preceding section, changes, partly owing to the movement of electrons to higher levels in the same band, and partly owing to what may be described as a transfer of electrons from the d band to the s band. The transfer is a consequence of the general movement to states of higher energy as the temperature increases. In the d band both the energy and the number of states are limited, while in the band, effectively, these limitations do not arise (cf. figure 1) . The extent of the transfer depends strongly on the value of the band-width ratio, r0, and is conditioned by the equality of the partial chemical potentials in the two bands. In this section the magnitude of the effect is determined for nickel-copper alloys. I t may be noted that, even if the d band is full a t absolute zero (as for alloys with a copper concentration higher than Ccrit> cf. § 2), an appreciable electron transfer may still occur a t higher temperatures, particularly if the energy difference between the top of the d band and the top of the Fermi distribution in the s band is small.
The general importance of the transfer effect lies in the fact that, without the introduction of any additional arbitrary assumptions, it accounts quantitatively (at least as to order of magnitude) for a number of hitherto unexplained peculiarities in the temperature variation of physical properties in both the higher and lower temperature ranges (cf. § § 4 and 5).
(a) Theoretical discussion
The transfer effect has been discussed previously for nickel (Wohlfarth 1948) , which is particularly simple, as the number of holes in the d band is equal to the number of electrons in the s band a t all temperatures. For an alloy this no longer holds. For a given fractional atomic concentration of copper, c,
(3*1) Here N08> refer to the number of 'particles' a t absolute zero, and Na, a t any temperature T. As shown in the previous paper, N and N0 are related by I t follows from (•3*5) and (3*6) th a t
This equation may be obtained in a form convenient for numerical evaluation by inserting (2-1), (2*2) and (2*3). Relations are found between re and r0, r c and r 0> leading to
Nd is given by (3*2), which reduces to
Nd =
Equations (3*8) and (3*9) reduce to those for pure nickel (c = 0) obtained previously. Their convenience lies in the fact th at the copper concentration enters only through the last term on the right-hand side of (3*8), while r 0 is related to the temperature in the same way as for pure nickel (i.e. r 0 is equal to roughly T /2000), and r0 may be taken to have the value 10 as before.
In the derivation outlined it is assumed th a t c < ccrlt , i.e. th at the d band contains holes a t absolute zero. I t may be easily shown, however, th at relations (3*8) and (3*9) hold even if the d band is full at absolute zero, thus covering the complete concentration range. For values of c approaching unity, the equations may be reduced to a classical form. In the limit
F [ (l± r 0)/ and, after insertion of approximate values for the Fermi-Dirae integral, it is found th at
where Ae is the energy difference between the top of the d band and the top of the Fermi distribution in the s band. Relation (3*10) is valid only for large values of the copper concentration and a t low temperatures; in all other cases recourse must be made to numerical solution of the equations (3*8) and (3*9). The process of solution is here much more tedious than for nickel; a trial and error method was followed, in which the two sides of (3-8) were made to agree within the limits of accuracy aimed a t (1 unit in the 6th significant figure) . Three sets of results were obtained as follows:
Sets (1) and (2) were planned as being directly applicable to the susceptibility results, due to Wheeler (1939) and Kaufmann & Starr (1943) respectively. Set (3) was obtained to determine how the magnitude of the transfer effect depends on copper concentration at one particular temperature (r0 = 0-5, corresponding roughly to T -1000° K). In obtaining solutions of the equations, extensive use was made of the tables of Fermi-Dirac integrals due to McDougall & Stoner (1938) .
(6) Computational results and discussion
The results of the calculations are shown in figures 6, 7 and 8, and the numerical results for set (3) are given in table 2. Figure 6 gives the results for sets (1) and (2) and shows the temperature dependence of the number of holes per atom for the 446 E. P. Wohlfarth of the number of holes in the d band of pure nickel at the same temperature. Corre sponding values for intermediate temperatures, which are required for application to the susceptibility results (cf. § 4), are easily obtainable from the curves by graphical interpolation. Figure 7 shows the variation of the number of particles per atom, a t absolute zero and for r 0 = 0-5, for the whole composition range. At the higher temperature the change of the number of particles with c is more gradual than at absolute zero, and there is no discontinuous variation a t the critical concentration. The difference between the two lower curves, (Nd -Nod), is shown on a larger scale in figure 8 , from which it appears th at the magnitude of the effect increases from the value for pure nickel, (Nd -Nod) = 0*022, to a maximum, (Nd -Nod) = 0*067, for the alloy with the copper concentration, ccrIt = 0*692, for which the d band is just full a t absolute zero. For c > c orlt , Nd decreases rapidly, but is still quite appreciable for some 10 to 15 % beyond ccrlt, although it is negligibly small for pure copper.
One of the main applications of the results obtained in the preceding sections is to paramagnetic susceptibility. For nickel-rich alloys (with more than about 40 % nickel) the Curie temperature, 6, is positive, and the alloys are paramagnetic for T > 6 . Theoretical susceptibility, temperature curves may be obtained in a form convenient for comparison with experimental results, using a method essentially the same as th a t given in I (cf. also Stoner 1938c). A 'reduced ' inverse susceptibility, (/iBcr0lkd). (1 l x ) ,i s plotted against a 'reduced' temperature, T/0, <r0 being the absolute saturation moment per unit mass and the mass susceptibility. For an isolated d band, the expression for the reduced inverse susceptibility is £0, £ being the relative magnetization at 0 and T°K respectively. For two over lapping bands it is necessary to take account not only of the holes in the d band, but also of the s electrons, and of the effect of the electron transfer from the d band to the s band. An increase, with temperature, of the number of holes in the d band is manifested by a relative increase of mass susceptibility. It may be shown from the results of the preceding sections th at the relation for mass susceptibility, appropriate to two overlapping bands, becomes where a = ( k&l/llB(ro ) X s » Xs being the contribution to the mass susceptibility of the s electrons. For nickel e0s/kT^> 1, and Xs may be taken to have its * low-temperature ' 4. P aramagnetic susceptibility op nickel-copper alloys (a) Nickel-rich alloys. Theoretical
value,
3/i%LNs
where Na is the number of electrons per atom in the s band, L Avogadro's number and A the atomic weight. Since e0s/e0d is large, XsIXd i® small, and it may be assumed, with sufficient accuracy, th at Ns remains constant for all values of concentration and temperature, the calculated value of < x being about 0-02. For the evaluation of (4-2) values of Nd/Nod are required, and have been calculated for pure nickel and an alloy with c = 0-352 (cf. § 3). Calculations of {yBHjkd) for a range of values of the relative magnetization at absolute zero, 0 <: £0 < 1, were carried out as follows. For a given value of £0 the values of and kd/e^ are given in I (table III) . For pure nickel rough preliminary calculations showed th a t satura tion was just complete at absolute zero, £0 = 1 corresponding to the critical value kd'/eo = 2~* (cf. (1-1) ). Calculations were carried outjfor values of the reduced temperature = 0-00(0-05) 2-70.
It follows from (I, [3] [4] [5] [6] [7] [8] that where and where
Valuesof (kT/e0) (F/F')have been computed by for equi-spac of the argument. Interpolations were made by a central difference method (Comrie 1:936) , except for kTje0 < 0-1, when a series expansion had to be used. The results of the computations are shown in figure 9 . The curves shown are applicable to a single d band, but may be modified, through (4-2), so as to apply to two overlapping bands. A comparison is then possible with experimental results.
(6) Nickel-rich a l l o y s . Experimental results and discussion
The experimental results for nickel, due to Sucksmith & Pearce (1938) , have been obtained in reduced form, and are shown in figure 10 together with theoretical curves, applicable to an isolated d band (broken curve) and two overlapping bands (full curve), £0 being equal to unity in both cases. I t may be noted incidentally th a t the difference between the two theoretical curves indicates the modification intro duced by a consideration of two overlapping bands, rather than of a single band. Whereas the curve for a single band is convex towards the temperature axis over the whole range (cf. I; also Stoner 1938c), the curve for overlapping bands is approxi mately linear over a wide temperature range and finally becomes slightly concave towards the temperature axis. A discussion of the agreement between the theoretical curves and the experimental results is given below.
The experimental results for five nickel-copper alloys, due to Wheeler (1939) , are shown in reduced form in figure 11 , together with the results for pure nickel, due to Fallot (1944) In discussing the experimental susceptibility, temperature curves it is con venient to consider first their general course for particular alloys, and secondly the effect on the curves of varying the copper concentration. As shown in the figures, in the l/x-T curves a curvature, concave upwards, occurs in the neighbour hood of the Curie point, followed by a sensibly linear portion, and finally, at high temperatures, by a portion which is concave towards the temperature axis. The observed behaviour at temperatures some way beyond the Curie point is covered satisfactorily by the basic collective electron treatm ent. (A full discussion of the applicability of the treatm ent to ferromagnetics above the Curie point is given by Stoner (1948) .) The interpretation of the observed high-temperature concavity of the 1 /x -T curves is here based on an increase, with temperature, of the number of holes in the d band. Although this accounts for the major p art of the curvature, it does not suffice to explain the whole of it, indicating th a t other factors, which cause a relative temperature increase of susceptibility, may be contributory to the observed behaviour. Among such factors those closely connected with the present treatm ent are the temperature variation of the interchange interaction parameter and of the band widths. An increase of 6', and so a relative increase of susceptibility, is caused by the temperature variation of the number of holes in the d band. Although, according to N6el (1940) , the indirect effect of thermal expansion is a temperature decrease of Q\ rough calculations, based on those given in § § 2 and 3, indicate' th at, at temperatures well above the Curie point, the temperature variation of the number of interacting particles has a greater effect than the variation of the distance between them. A decrease of the band width eod (due to the thermal expansion of the lattice and a consequent decrease of the overlap of wave functions in the interatomic regions) may also result in a relative temperature increase of susceptibility. Although the form of the observed susceptibility curves a t high temperatures may thus be partly explicable by factors which have not been included explicitly in the present treatm ent, it should be borne in mind th a t the experimental results themselves are here less reliable. The experimental difficulties increase considerably in the higher temperature range, and the values of mass susceptibility actually measured are small, and thus subject to greater relative uncertainties. Figures 10 and 11 indicate that, although the results for nickel due to Sucksmith & Pearce and those due to Fallot are in excellent agreement up to 1100° K, they differ at higher temperatures. In view of the uncertainties, both theoretical and experimental, in the higher tem perature range, the agreement between calculated and observed susceptibility curves (figures 10 and 12) is remarkably close, particularly in view of the simplifying assumptions underlying the present treatment.
Reduced experimental susceptibility results for alloys with a wide range of composition are shown in figure 11 . For the highest nickel alloys it is seen th at the experimental points for different alloys are very close together, while for an increasing copper concentration there is a marked shift of the points towards the temperature axis. Comparison of these results with the theoretical curves (figure 9) indicates an initial slow decrease of £0 with c and a subsequent more rapid decrease. The experi mental results thus lead to a variation of £0 which is in excellent agreement with th a t derived in § 2 from the observed variation of the Curie temperature with copper concentration. Theoretical values of interchange interaction coefficients and related quantities for the alloys are shown in table 3, calculated from the values given in table 1. For the 0*352 alloy, a £0 value of 0*86 is obtained, while the susceptibility results for this alloy, shown separately in figure 12, lead to a value of roughly 0*87. Similar agreement is found for the more dilute alloys. For pure nickel, in particular, figure 10 indicates th at £0 just equals unity, while the previous analysis (Stoner 1938c) led to a value slightly less than 1. As a result of this kind of agreement it may Collective electron ferromagnetism. I l l 453 be concluded, with some degree of certainty, th at the calculated variation of inter change interaction with copper concentration, or, more generally, with the number of holes, is essentially correct, at least for low values of copper concentration. For alloys with a high copper concentration (c > ccrlt, cf. § 2) the d band is full at absolute zero, although, as was shown in § 3, it contains holes at higher temperatures. The resulting paramagnetic susceptibility, is determined by the number of holes in the d band at any temperature, and is roughly proportional to T~x. (In this case the classical Curie law is satisfied approximately, since kT/e0 1 at all temperatures.) To a first approximation Xa °c N( and, since Nd increases more rapidly with than linearly, Xd increases with tem perature. The variation of Xd has been calculated for an alloy with a copper con centration c = 0-75, using values of Nd given in table 2, and employing the 'hightem perature' series , which is here applicable. The results of the calculations are shown in figure 13 , which also includes the contribution to the susceptibility of the s electrons, and in which temperatures are referred to (e0d)0, the band width for pure nickel ((e0d)0/k = 2000° K). Experimental results for copperrich alloys have been obtained by Kaufmann & Starr (1943) , who found that, for some alloys, their results could be represented by an empirical relation of the form
Values for the coefficients in (4-5) for alloys for which the relation was found to be an accurate representation of the experimental results are reproduced in table 4. The susceptibility curves for these alloys are given in the original paper and have been reproduced by Stoner (1948, figure 4*5 For some of the alloys the suscepti bility increases over a wide temperature range, as symbolized by the coefficient a in (4-5). The above remarks indicate that this temperature increase is due to the variation of the number of holes in the d band. Figure 13 shows th at for c = 0-75, dxldr0 varies roughly between 0-2 x 10~6 and 0*7 x 10-6; for a value of 0-4 x 10-6, dx/dT is equal to 2 x 10~10, which is in good agreement, as to order of magnitude, with the coefficients a. Although the observed high-temperature increase of suscepti bility of the copper-rich alloys is thus well explained, no interpretation can a t present be given of their low-temperature behaviour, symbolized by the coefficients ft and y. These indicate that, over a wide temperature range, a Curie law is obeyed approximately, the susceptibilities attaining very high values near absolute zero, and increasing rapidly with nickel concentration (cf. table 4). I t appears impossible to interpret this surprising behaviour of the alloys on the basis of the treatm ent Collective electron ferromagnetism. I l l outlined in the present paper. I t may be that in some of these alloys the nickel atoms are not evenly distributed throughout the sample, but form small ferromagnetic 'islands' in the surrounding copper-rich matrix. Regarding y in (4*5) as a Curie constant, Kaufmann & Starr calculated effective Bohr magneton numbers and obtained values about ten times smaller than th at of pure nickel. If nickel-rich islands are responsible for the observed behaviour of the alloys, these values are indicative of the fraction of undissolved nickel which is required to simulate the observed effect.
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5. Electronic heat of nickel and nickel-copper alloys
E. P. Wohlfarth
In view of the previous detailed discussions of the electronic heat of ferromagnetics at high and low temperatures (II; cf. also Stoner 1936 Stoner , 19386, 1948 , it will be suffi cient, in this section, to examine only the present developments of the theoretical treatment in their bearing on thermal properties.
(a) Electronic heat above the Curie point
The expressions (Stoner 19386) for the internal energy and specific heat of 'par ticles ' with a standard energy distribution and zero intrinsic magnetization are
where N is the number of particles and e0 the relevant band width, r 0 being equal to kT/e0. F^tj) and F^tj) are standard Fermi-Dirac integrals, which, for a single band, are functions of r 0 through the relations Figure 14 shows the theoretical variation of specific heat above the Curie point for nickel, the curve marked C being th at obtained with the previous relation (5-2), and the curve marked C' that computed for two overlapping bands from (5*5). Figure 14 does not include the discontinuity at the Curie point and the observed tailing some 20° or 30° above 6, which h Stoner and others. The additional contribution to the electronic heat, due to the temperature increase of the number of holes in the d band, is seen to be quite marked. This is mainly due to the fact that, although v may differ relatively little from unity, the temperature derivative, v', may be quite large. (For t0 = 0*635, for example, v -1 = 0*0601, and v' = 0*188.) I t is apparent from figure 14 th over a wide temperature range (0*4 < r 0< 0*8, corresponding approximately to 800°< T < 1600°K) the variation of C is approximately linear; with r0 = 10, dC 'jdT= 1*18 x 10~3 cal.deg._2mol._1. For values of r0 larger than 10 the electronic heat curve C' will be correspondingly less steep than th a t shown in the figure. Collective electron ferromagnetism. I l l Comparison with experiment is made difficult by the paucity of reliable observa tional data for the temperature region of interest (i.e. from above the Curie point (631° K) to the melting-point (1725° K)). The results of Sykes & Wilkinson (1938) for nickel, which are probably the most reliable, extend only to 900° K. The results of Klinkhardt (1927) extend to 1100°K and agree well with the later results over the overlapping temperature range. Subtracting the contributions to the specific heat from the lattice vibrations (Debye term) and the dilatation, and assuming the anharmonicity correction to be negligible, the value obtained for the electronic heat a t 1000° K is 1*70. This is intermediate between the theoretical value calculated from (5*2), C = 1*50, and the value calculated for two overlapping bands, with r0 = 10, C' -l*90cal.deg.-1mol.-1. Klinkhardt's results indicate th at over a restricted temperature range (950° < T < 1100° K) the electronic heat increases ro with temperature, dC/dT being about 1*5 x 10-3. This agrees well, as to order of magnitude, with the value derived from figure 14. By adjusting the band width ratio, r0, better agreement could be obtained with these particular experimental results, but no great weight could be attached to an estimate of r0 arrived at in this way.
The high-temperature specific heat for nickel-copper alloys has been measured by Grew (1934) . For these alloys the tailing above the Curie point extends to very much higher temperatures, up to, and, for some alloys, beyond the highest in For paramagnetics, £0 = 0, and the relations reduce to the well-known forms
For ferromagnetics the calculation of the low-temperature electronic heat necessi tates a knowledge of £0. For nickel and nickel-copper alloys this information is provided by the calculations ( §2) leading to the values given in table 1. Account must also be taken of the transfer effect; although the actual transfer is negligibly small at low temperatures, the variation with temperature produces an appreciable effect on the linear temperature coefficient, y (of the order of 10 % of the whole), and has to be taken into consideration. For an application to nickel-copper alloys it is necessary to derive a low-temperature series expression for the transfer effect. I t is found that, for kTI (e0d) fi(£o) = 3-902, the maximum value, /x(0), being r2 = Since the term (0-6 -cd)* drops off very slowly for small values of c, y increases slightly (up to c = 0*2), and then remains approximately constant over a wide range of copper concentrations, finally decreasing rapidly as c->ccrlt , when the cuberoot term becomes predominant. Theoretical values of y are shown in figure 15 , together with experimental results due to Keesom & Clark (1935) (nickel) and Keesom & Kurrelmeyer (1940) (nickel-copper alloys) . The absolute discrepancy shown in figure 15 is due in the main to the difference between the values of the band width as estimated from low-and high-temperature data (cf. §2; II, §7). In the 30-2 evaluation of (5-11) the numerical values used are derived from the magnetic results, implying the ' high-temperature ' value for the degeneracy temperature of nickel, eodjk = l-6xl03°K, rather than the 'low-temperature' value, 2*4 x l 03°K, and leading to calculated values of y for nickel and nickel-copper alloys which are larger than those observed. Apart from this discrepancy there is very good qualitative agreement between the theoretical and experimental results; it is seen th at in both cases y remains approximately constant over a very extended range of copper concentrations. Minor deviations between the two curves, especially the initial slight increase of y in the calculated, as compared with the slight decrease in the experimental curve, are due to uncertainties on both the theoretical and practical sides, and are of no fundamental significance. The general agreement is the more satisfactory in view of the difficulties of explaining the observed variation on any of the previous theoretical treatments (Stoner 1948) , the present interpretation proceeding in an unforced way from the basic collective electron treatm ent given in II.
Apart from the nickel-rich alloys, Keesom & Kurrelmayer (1940) also investigated an alloy with about 80 % copper and obtained a value about 2-5 times th at of pure copper (Keesom & Kok 1936) . No explanation of this result can be given if the electronic heat is due entirely to s electrons, with an energy distribution of the same general type as th at considered. As already pointed out ( § 4), the present treatm ent is inapplicable in detail to copper-rich alloys, possibly owing to an uneven distribu tion of nickel atoms. Nickel-rich nuclei could produce abnormally high values of specific heat, besides leading to the peculiar magnetic behaviour observed by Kaufmann & Starr (1943) . 6 . G e n e r a l d is c u s s io n The aim in this paper has been to examine in some detail the experimental results for particular substances, nickel and nickel-copper alloys, in the light of the collective electron treatm ent developed in I and II. The basic formulae and numerical results previously obtained are strictly applicable when there is either a single incomplete electron energy band of standard form or two (or more) overlapping bands in each of which the number of electrons is independent of temperature over the relevant range. In general, however, with overlapping bands, the number of electrons in each band varies with temperature, and the main extension of the basic treatm ent introduced in the present paper is in the development of a method for determining the equilibrium distribution of electrons (of given total number) between bands as well as in each single band ( §3).
With the band form assumed (figure 1), the parameters specifying the band widths and interchange'interaction can be estimated in a straightforward way from a limited range of observational data ( §2). It is then shown that, with the limited number of specifying parameters so obtained, and taking into account the transfer effect, there is good general agreement between calculated and observed values of magnetic susceptibility and electronic heat over the whole temperature range investigated, and, in the alloys, over a wide range of composition. The agreement is not, of course, perfect. Since the specifying parameters have been estimated essentially from high-temperature data, it is not surprising th a t the most marked discrepancy is th a t between the absolute values of the observed and calculated electronic heats near absolute zero (figure 15). The disagreement here, and the absence of 'perfect' agreement elsewhere, can be attributed, at least in part, to an oversimplification in the band form adopted, and to the non-inclusion in the theo retical treatm ent of some of the recognized determining factors, notably the effect of thermal expansion in modifying the band structure and interchange interaction. I t may be noted, too, th a t imperfect agreement is not to be attributed entirely to shortcomings in the theoretical treatm ent; for analysis and intercomparison of the data obtained in various investigations have shown th a t some of the experimental values are much more uncertain than the stated, or implied, experimental errors would suggest.
The detailed quantitative discussion has been confined to the single-alloy system, nickel-copper, and since this may suggest a narrow limitation of the field of applica tion of the general method, it is appropriate, in concluding this paper, to refer very briefly to other nickel alloys, which have been considered in a preliminary way. Fortunately, a wealth of experimental information is available on the magnetic properties (though not on specific heats) of these alloys. The saturation moments, as dependent on the concentration of the added metal in nickel, have been measured for a large number of alloys by Sadron (1932) , and the Curie temperatures by Marian (1937) . In addition, Manders (1936) has made a very extensive investigation of the paramagnetic susceptibilities of nickel alloys above the Curie point. I t must suffice here to give the tentative conclusions drawn from a preliminary analysis of these three sets of data on the lines indicated in § § 2 and 4.
The alloys may be regarded as falling roughly into two classes (cf. Auwers 1937; Neel 1940). First, there are the alloys in which the added metal has a small, usually constant, paramagnetism, which may be attributed to incomplete outer groups of sor pelectrons. Among the nickel alloys of this class, investigated by Manders, are those with gold, zinc, aluminium, tin and antimony. I t might be anticipated th a t the magnetic behaviour of these alloys would be somewhat similar to th at of nickelcopper, the above metals adding respectively 1, 2, 3, 4 and 5 electrons to the d band of nickel, but th a t there would be an increasing divergence from the theoretical results based on th at assumption with increasing valency of the added element. The analysis of the experimental results indicates, however, th at the reduced susceptibility, temperature curves have characteristics very similar to those for nickel-copper (cf. figure 11 ). In addition, the results of Sadron and Marian show th a t both the saturation moments and the Curie temperatures of these alloys decrease roughly linearly with concentration over the range of solid solubility, either vanishing or extrapolating to zero, a t an approximate atomic concentration 0*6 n being the valency of the added metal. These results confirm the conclusions which had been reached previously as to the apparent simplicity of the magnetic properties of alloys of this class.
Alloys in the second class include those of nickel with the strongly paramagnetic transition metals, which have characteristics due to an incomplete d band. Among alloys considered were those with chromium, manganese, palladium and platinum.
The results of the analysis are here more interesting though more difficult to inter pret, owing to uncertainties regarding the effects of the added metal in modifying the band structure of nickel. I t is surprising that, even for these alloys, the observed Curie temperatures and saturation moments decrease, in the majority of cases, roughly linearly with the atomic concentration of the solute metal. Two exceptions are nickel-palladium and nickel-manganese; for the last the saturation moment increases initially with manganese concentration. The reduced susceptibility temperature curves have the same general characteristics as for nickel-copper. Deviations in detail are, however, found, and are significant. For most nickel alloys difficulties arise due to the limited range of solid solubility. For some of the alloys the results obtained are markedly dependent on heat treatment, and the Curie points and the susceptibilities are both very uncertain. In these cases a detailed analysis becomes impossible. I t seems clear, however, th at the characteristics of these alloys are consistent with the scheme developed in this paper, and th at a more detailed analysis of the experimental results in the light of the collective electron treatm ent is likely to provide valuable information about band forms and interchange interaction in metals and alloys.
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